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1. Introduction
It is an interesting topic for many years to study the structure of non-degenerate bilinear forms on
modules of the group algebra of a ﬁnite group over a ﬁeld, for example, see [6, Ch. VII], [13, §13.2].
Any non-degenerate bilinear form on a module which is invariant by the group action is called a
metric on the module. A module with a metric is called a metric module. A module with a symmetric
metric (symplectic metric respectively) is called a symmetric module (symplectic module respectively).
A submodule of a symmetric or symplectic module is said to be self-orthogonal if it coincides with
its orthogonal submodule; and the module itself is called a hyperbolic module if a self-orthogonal
submodule exists.
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theory of ﬁnite groups since a long time, and it is powerful and fruitful for the investigation on
the correspondences of characters, the extensions of characters and M-groups, etc.; for example, see
references [1,7,9,12].
In recent years, the study on self-dual group codes has attracted attention in the coding theory.
In the following F is a ﬁnite ﬁeld and G is a ﬁnite group. A group code means a left ideal of the
group algebra FG, i.e. a submodule of the left regular module FG, which is equipped with a standard
symmetric metric in the coding-theoretic sense, i.e. the sum of the products of coeﬃcients by coeﬃ-
cients; a group code is said to be self-dual if it coincides with its orthogonal submodule. That is, the
coding-theoretic notation “self-dual code” is in fact corresponding to the “self-orthogonal submod-
ule” in the module theory. In [5], ﬁnite abelian groups were considered to explore the existence of
self-dual group codes. In [14], the conditions for the existence of self-dual group codes for any ﬁnite
group were obtained; an obvious consequence is that there is no self-dual group codes for a ﬁnite
group of odd order.
Thus, Martinez-Pérez and Willems in [10] considered a ﬁnite group G of odd order, a ﬁnite ﬁeld F
of even characteristic, and introduced the so-called extended group codes, which are deﬁned to be
the submodules of the FG-module formed by adding a 1-dimensional trivial module to the regular
module FG; they showed that any one of the following two conditions is necessary and suﬃcient for
the existence of self-dual extended group codes.
• Any self-dual (in module-theoretical sense) composition factor of the FG-module has even multi-
plicity.
• The extension degree |F (ξn) : F | is odd, where n = |G| is the order of G and F (ξn) is the extension
of F generated by a primitive n-th root ξn .
Further, in [11] they showed that, when the characteristic of F is odd and coprime to n, the latter
condition with an additional condition “−n is a square element in F ” is equivalent to the existence of
self-dual extended group codes.
About the former condition, it is a known and elementary result that if a symmetric (or symplectic)
module is hyperbolic then any self-dual composition factor has even multiplicity. And recently, in
[4, Theorem 2.1] the authors showed that the inverse is also true for the even characteristic case,
see also [3, Proposition 2.1]. Unfortunately, there is no such straightforward conclusion for the odd
characteristic case.
As a natural generalization of the group codes, in [2] we introduced the so-called permutation
codes, which are deﬁned to be any submodules of an FG-permutation module FX where X is a ﬁnite
G-set; and showed some conditions for the existence of self-dual permutation codes in transitive
permutation modules, where the bilinear metric on FX is still the standard one in coding-theoretic
sense which is symmetric. In [3] we further consider the so-called extended transitive permutation
codes, i.e. the submodules of F Xˆ , where X is a transitive G-set and Xˆ is the union of X and a single
point set. In the case that G is of odd order and the length n = |X | of the transitive G-set X is
coprime to the characteristic of F , we demonstrated in [3] that the condition “|F (ξn) : F | is odd and
−n is a square in F ” is suﬃcient but not necessary for the existence of self-dual extended transitive
permutation codes. The situation is more delicate than that of group codes.
Thus, we are interested in looking for more precise information on symmetric modules, in partic-
ular, on hyperbolic symmetric modules, so that we can get a good understanding about the self-dual
permutation codes. In this paper we characterize the symmetric semisimple modules and exhibit
some applications to permutation codes.
First we collect the information about bilinear metrics on simple FG-modules and classify simple
FG-modules into four types; this is done in Section 2. In Section 3, all indecomposable symmetric
semisimple modules are determined in Theorem 3.1, and then the uniqueness up to isometry of inde-
composable orthogonal decompositions of symmetric semisimple modules is proved in Theorem 3.2.
In Section 4 criteria for hyperbolic symmetric semisimple modules are derived in Theorem 4.1. Fi-
nally, in Section 5 we turn to permutation codes, especially the case of odd order, and exhibit some
applications in Theorem 5.1.
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FG-module V is ﬁnite dimensional.
2. Bilinear metrics on self-dual simple modules
In this section we classify the bilinear metrics on simple FG-modules and divide the self-dual
simple modules into four types. Most materials in this section are known; for convenience, we sketch
them, with few arguments, systematically in our notation.
Let V be an FG-module with representation ρ which maps any g ∈ G to ρg ∈ EndF (V )× , where
EndF (V ) denotes the algebra of all F -transformations of V and EndF (V )× denotes the multiplicative
group of all invertible elements of EndF (V ). An F -bilinear form f on V is said to be G-invariant if
for any g ∈ G and u, v ∈ V we have f (gu, gv) = f (u, v), where gu := ρg(u) as usual. Let BfGF (V )
denote the F -vector space of all G-invariant bilinear forms on V , and let BfGF (V )
× denote the subset
of all non-degenerate G-invariant bilinear forms. Let HomF (V , F ) denote the dual space of V , which
consists of all F -linear forms on V . For λ ∈ HomF (V , F ) and g ∈ G the gλ ∈ HomF (V , F ) is deﬁned
by gλ(v) = λ(g−1v) for any v ∈ V ; in this way, HomF (V , F ) is an FG-module, called the dual module
of V . And V is said to be self-dual if V is isomorphic to its dual module. It is an easy fact that V
is self-dual if and only if BfGF (V )
× = ∅. In that case, any f ∈ BfGF (V )× is called a bilinear metric on V ,
or a metric on V in short, and the pair (V , f ) is said to be a metric module over FG. If (V , f ) and
(V ′, f ′) are metric modules and α : V → V ′ is an FG-isomorphism such that f ′(αu,αv) = f (u, v)
for all u, v ∈ V , then we say that α is an isometry and (V , f ) is isometric to (V ′, f ′), and write
(V , f ) ≡ (V ′, f ′).
Let W be a simple FG-module with representation ρ and let E := EndFG(W ) denote the algebra
of all FG-endomorphisms of W . Then E is an extension ﬁeld of F and W is also an E-vector space;
and by the density theorem, we have ρ(EG) = EndE (W ). So W is an absolutely simple EG-module. It
is clear that if W is a self-dual EG-module, then W is also a self-dual FG-module. However the converse is
not true in general; the answer depends on the adjoint operator on E induced by the bilinear metrics,
which is described below.
In the following, we always assume that W is a self-dual simple FG-module and set E = EndFG(W ).
For any f ∈ BfGF (W ) and α ∈ EndF (W ) we have a bilinear form α f deﬁned as follows:
(α f )(u, v) = f (αu, v), ∀u, v ∈ W .
Obviously, α f ∈ BfGF (W ) if α ∈ E . Choose f1 ∈ BfGF (W )× . For any f ∈ BfGF (W ), by the non-degeneracy
of f1 there is a unique α ∈ EndF (W ) such that f = α f1; and by the G-invariance of f1, f ∈ BfGF (W ) is
equivalent to α ∈ E . In conclusion, BfGF (W ) is a regular E-module, i.e. a 1-dimensional E-vector space, and
α f1 ∈ BfGF (W )× is equivalent to α ∈ E× . Further, we have an adjoint operator “∗” on EndF (W ) mapping
α to α∗ such that:
f1(αu, v) = f1
(
u,α∗v
)
, ∀u, v ∈ V , α ∈ EndF (W ), (2.1)
which is an anti-automorphism of the algebra EndF (W ). It is easy to see that the adjoint operator “∗”
stabilizes E and centralizes F , hence it induces a ﬁeld automorphism of E over F of order  2; we
denote it by “∗” again and call it the adjoint operator on E . The Galois group Gal(E/F ) is a cyclic
group, so the adjoint operator “∗” on E is either the identity or the unique involution of the group
Gal(E/F ).
To clarify the metrics on W , the ﬁrst key step is to determine when the adjoint operator “∗”
on E is the identity. For the EG-module EW , we have the Galois conjugate EG-module (EW )∗ de-
ﬁned by the ﬁeld automorphism “∗” of E over F . By [12, Thm. 6.5], the formula (2.1) induces an
EG-isomorphism (EW )∗ ∼= HomE (W , E); hence we have that [12, Thm. 6.6]:
EW is self-dual too ⇐⇒ “∗” on E is the identity. (2.2)
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pendent of the choice of f1; i.e.
f (αu, v) = f (u,α∗v), ∀ f ∈ BfGF (W ), α ∈ E, u, v ∈ W .
On the other hand, there is a so-called transpose operator θ on BfGF (W ) deﬁned as follows:
(θ f )(u, v) = f (v,u), ∀ f ∈ BfGF (W ), ∀u, v ∈ W . Then the above formula can be rewritten as
θ(α f ) = α∗(θ f ), ∀α ∈ E, f ∈ BfGF (W ),
which implies that the transpose operator θ is a semi-linear automorphism of order  2 of the
E-vector space BfGF (W ).
The second step is to consider isometric classes of metrics. For metrics f , f ′ on W , if (W , f ) ≡
(W , f ′), i.e. if there is an FG-automorphism α : W → W such that f ′(αu,αv) = f (u, v) for all
u, v ∈ W , then we also write f ≡ f ′ . Since f ′(αu,αv) = f ′(α∗αu, v) = (α∗α) f ′(u, v), we get
f ≡ f ′ ⇐⇒ α∗α f ′ = f for an α ∈ E×.
So the isometric classes of metrics on W correspond bijectively with the cosets of the subgroup
{α∗α | α ∈ E×} of E× , which are determined by the exact sequences (2.3) and (2.4) below according
to two cases.
Case 1: “∗” is the involution on E. We set E∗ = {α ∈ E | α∗ = α} which is the subﬁeld of E such
that Gal(E/E∗) = {1,∗}. The map α → α∗α is known as the norm map from E onto E∗ , hence the set
{α∗α | α ∈ E×} = (E∗)× is the multiplicative group of the ﬁeld E∗ , and there is an exact sequence
1 −→ (E×)∗ ↪→ E× norm−−−→ (E∗)× −→ 1 (2.3)
where (E×)∗ := {α∗α−1 | α ∈ E×}. This is a special case of the well-known Hilbert Theorem 90; in
our case this is an easy fact; indeed, E× is a cyclic group of order qe − 1 where qe = |E|, so we
have α∗α = αqe/2+1 and α∗α−1 = αqe/2−1; since (qe/2 + 1)(qe/2 − 1) = qe − 1, the exact sequence (2.3)
follows.
Case 2: “∗” is the identity on E, i.e. W is self-dual too as an EG-module. Then {α∗α | α ∈ E×} = {α2 | α ∈
E×} =: (E×)2 and we have an exact sequence
1−→ (E×)2 ↪→ E× −→ (E×)2 −→ 1 (2.4)
where the third arrow maps α to α2 and we set (E×)2 = {α ∈ E× | α2 = 1}, i.e. (E×)2 = {±1} if q is
odd, while (E×)2 = {1} if q is even.
Now we come to the ﬁnal step. For any f ∈ BfGF (W )× , by the regularity of the action of E× on
BfGF (W )
× , there is a unique δ f ∈ E× such that θ f = δ f f . In particular, δ f = 1 (−1 respectively) means
that f is symmetric (symplectic respectively). Moreover, since we have
f = θ2 f = θδ f f = δ∗f θ f = δ∗f δ f f ,
we get δ∗f δ f = 1. Thus, by the deﬁnitions above we have
δ f ∈
{
(E×)∗, if “∗” is the involution on E;
× (2.5)(E )2, if “∗” is the identity on E .
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have θ(β f ) = β∗θ f = β∗β−1δ f (β f ), we get
δβ f = β∗β−1δ f . (2.6)
Remark 2.1. Summarizing (2.2)–(2.6), for the self-dual simple FG-module W , we have the following
four types.
(i) Imaginary type: Following Frobenius–Schur theorem on complex representations [13, §13.2,
Thm. 31], we say that the W is of imaginary type if it is not self-dual as an EG-module, or, equiv-
alently, “∗” is the involution on E . For this type, by (2.3) and (2.6), each δ ∈ (E×)∗ is corresponding
to exactly one isometric class of metrics f on W such that θ f = δ f . In particular, since ±1 ∈ (E×)∗ ,
all symmetric metrics on W form an isometric class while all symplectic metrics on W form an iso-
metric class (the two classes coincide when q is even, because 1 = −1 at that case; see also the next
remark).
On the other hand, if W is self-dual too as an EG-module, or equivalently, “∗” is the identity on E ,
then we say that W is of real type. But there are three cases by dichotomies.
(ii) Even real type: We say that the W is of even real type if W is of real type and q is even. At that
case, by (2.4) and (2.5), any metric on W is symmetric and any two metrics on W are isometric to
each other.
Otherwise, W is of real type and q is odd. By (2.6) there is only one δ ∈ (E×)2 = {±1} such that
θ f = δ f for all metrics f on W . So there are two subcases which are the remaining two types.
(iii) Odd symplectic real type: q is odd and W is of real type and any metric on W is symplectic.
(iv) Odd symmetric real type: q is odd and W is of real type and any metric on W is symmetric.
Note that, by the exact sequence (2.4), for both type (iii) and type (iv) there are exactly two iso-
metric classes of metrics on W .
Remark 2.2. When q is even, by a result of Fong (see [6, Ch. VII]), any symmetric non-trivial simple
FG-module is symplectic.
3. Orthogonal decompositions of symmetric semisimple modules
Let (V , f ) be a symmetric FG-module (recall that the symmetric form f on the module V is al-
ways assumed to be non-degenerate). For any submodule V ′ the orthogonal subspace V ′⊥ := {v ∈ V |
f (v ′, v) = 0, ∀v ′ ∈ V ′} is a submodule. If V ′ ⊆ V ′⊥ (i.e. the restriction of f on V ′ is zero), we say
that V ′ is isotropic. We say that V ′ is self-orthogonal if V ′ = V ′⊥ . And (V , f ) is called a hyperbolic
symmetric module if it has a self-orthogonal submodule. On the other hand, if V ′ ∩ V ′⊥ = 0 (i.e. the
restriction of f on V ′ is non-degenerate), we say that V ′ is a non-degenerate submodule, or a symmet-
ric submodule; in that case, V = V ′ ⊕ V ′⊥ with V ′ and V ′⊥ orthogonal to each other and V ′⊥ being
a symmetric submodule too. Conversely, if V = V ′ ⊕ V ′′ with V ′ and V ′′ orthogonal to each other,
then both V ′ and V ′′ are symmetric submodules; in that case we write V = V ′ ⊥⊕ V ′′ and call it an
orthogonal direct sum.
Deﬁnition 3.1. If a symmetric FG-module U has no non-trivial symmetric submodule, then we say
that U is an indecomposable symmetric module. Obviously, any symmetric FG-module V can be written
as an orthogonal sum V = ⊥⊕
i
U i with all Ui being indecomposable symmetric submodules; such a
decomposition is said to be an orthogonal indecomposable decomposition.
For any FG-module V , any FG-module V ′ isomorphic to HomF (V , F ) and any FG-isomorphism
ϕ : V ′ → HomF (V , F ), we can construct a symmetric FG-module (V ′ ⊕ V , fϕ) with the symmetric
metric fϕ deﬁned as follows:
fϕ
((
u′,u
)
,
(
v ′, v
))= ϕ(u′)(v) + ϕ(v ′)(u), ∀(u′,u), (v ′, v) ∈ V ′ ⊕ V . (3.1)
Y. Fan, P. Jin / Journal of Algebra 355 (2012) 80–92 85For any FG-modules U and U ′ respectively isomorphic to V and HomF (U , F ), and any FG-module iso-
morphisms β : U → V and ψ : U ′ → HomF (U , F ), the β induces an isomorphism β˜ : HomF (V , F ) →
HomF (U , F ) deﬁned by f → f · β , the β ′ := ϕ−1β˜−1ψ is an isomorphism from U ′ onto V ′ , and it is
easy to check that β ′ ⊕ β is an isometry from (U ′ ⊕ U , fψ) onto (V ′ ⊕ V , fϕ).
In a word, starting from any FG-module V (not a metric module), the symmetric module deﬁned
by (3.1) is uniquely determined up to isometry by the isomorphic class of the module V , hence we
make the following deﬁnition.
Deﬁnition 3.2. We call the symmetric FG-module (V ′ ⊕ V , fϕ) deﬁned by (3.1) a dual direct sum of V ,
and denote it V ′ ⊕ˆ V .
For any two symmetric modules (V ′, f ′) and (V ′′, f ′′), we have the orthogonal direct sum (V ′, f ′) ⊥⊕
(V ′′, f ′′) which is a symmetric module.
Lemma 3.1. Let W be a self-dual simple FG-module and f , f ′ be two symmetric metrics on W .
(i) When W is of imaginary type, then we have (W , f )
⊥⊕ (W , f ′) ≡ W ⊕ˆ W .
(ii) When W is of even real type, then (W , f )
⊥⊕ (W , f ′) has a unique isotropic non-trivial submodule; in
particular, (W , f )
⊥⊕ (W , f ′) ≡ W ⊕ˆ W .
(iii) When W is of odd symmetric real type, then we have (W , f )
⊥⊕ (W , f ′) ≡ W ⊕ˆ W if and only if
(W , f )
⊥⊕ (W , f ′) is hyperbolic, or, equivalently, we have f ′ ≡ − f .
Proof. It is clear that we have (W , f )
⊥⊕ (W , f ′) ≡ W ⊕ˆ W if and only if (W , f ) ⊥⊕ (W , f ′) has at
least two distinct isotropic non-trivial submodules. Let E := EndFG(W ). There is a γ ∈ E× such that
f ′ = γ f . Recall that the family of submodules
Wα :=
{
(w,αw)
∣∣ w ∈ W }, ∀α ∈ E,
is of all the non-trivial submodules of W ⊕ W other than 0 ⊕ W . Let f ⊕ f ′ denote the metric of
(W , f )
⊥⊕ (W , f ′). For w,w ′ ∈ W we have(
f ⊕ f ′)((w,αw), (w ′,αw ′))= f (w,w ′)+ γ f (αw,αw ′)= ((1+ γ α∗α) f )(w,w ′);
so, Wα is isotropic if and only if 1+ γα∗α = 0, i.e. (α−1)∗α−1 = −γ .
(i) By the deﬁnition of imaginary type in Remark 2.1 and the exact sequence (2.3), we have γ ∈
(E∗)× hence −γ ∈ (E∗)× (since −1 ∈ F× ⊆ (E∗)×), and the number of the elements α such that
(α−1)∗α−1 = −γ is equal to |(E×)∗| = qe/2 + 1 > 1. Thus (W , f ) ⊥⊕ (W , f ′) has at least two distinct
isotropic non-trivial submodules, hence we have (W , f )
⊥⊕ (W , f ′) ≡ W ⊕ˆ W .
(ii) By the exact sequence (2.4), since (E×)2 is trivial in the present case, there is exactly one
α ∈ E× such that (α−1)2 = −γ .
(iii) If we have (W , f )
⊥⊕ (W , f ′) ≡ W ⊕ˆ W , then (W , f ) ⊥⊕ (W , f ′) is obviously a hyperbolic sym-
metric module. Conversely, if (W , f )
⊥⊕ (W , f ′) is a hyperbolic symmetric module, then there is an
α ∈ E× such that (α−1)2 = −γ ; by the deﬁnition of odd symmetric real type and the exact se-
quence (2.4), f ′ = γ f ≡ − f . Finally, assume that f ′ ≡ − f ; by the sequence (2.4) again, −γ ∈ (E×)2
and there are exactly two elements α such that (α−1)2 = −γ . 
Remark 3.1. By Remark 2.1, there are the following four isometric classes of symmetric simple mod-
ules (W , f ) and they are of course indecomposable symmetric modules:
(S1) W is of imaginary type, and then the symmetric metric f is unique up to isometry; so we
can write W instead of (W , f ) to denote the symmetric module.
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write W instead of (W , f ) for the symmetric module.
There only remains the case where W is of odd symmetric real type; then, there are exactly two
isometric classes of metrics f , f ′ on W such that (W , f ) ≡ (W , f ′), see the last note in Remark 2.1;
i.e. we have two isometric classes for the odd symmetric real type:
(S3) (W , f );
(S4) (W , f ′).
The following theorem completes the classiﬁcation of indecomposable symmetric semisimple
FG-modules.
Theorem 3.1. A symmetric semisimple FG-module is an indecomposable symmetric module if and only if it is
either isometric to one of the above modules (S1)–(S4) or isometric to one of the following dual direct sums of
simple FG-modules W :
(D1) W ′ ⊕ˆ W , where W is not self-dual and W ′ = HomF (W , F ).
(D2) W ⊕ˆ W , where W is self-dual of even real type.
(D3) W ⊕ˆ W , where W is self-dual of odd symplectic real type.
Proof. Let U be an indecomposable symmetric semisimple FG-module. If U is simple, by the above
remark, U is an indecomposable symmetric module if and only if U is isometric to one of (S1)–(S4).
So we may assume that U is not simple, and that any simple FG-submodule W of U is isotropic. Let
〈−,−〉 denote the metric on U . Mapping any u ∈ U to the linear form 〈u,−〉 on W is a surjective
homomorphism from U on to the dual module HomF (W , F ); so there is a simple submodule W ′
of U such that the correspondence w ′ → 〈w ′,−〉 deﬁnes an isomorphism W ′ ∼= HomF (W , F ); hence
W ′ ⊕ W with the metric 〈−,−〉 is a dual direct sum. Thus U = W ′ ⊕ˆ W is a dual direct sum. More-
over, if W is not self-dual, then any non-trivial submodule of W ′ ⊕ˆ W is isomorphic either to W
or to W ′ hence must be isotropic; so W ′ ⊕ˆ W is an indecomposable symmetric module; this is the
case (D1).
Next, assume that W is self-dual and that we have U ≡ W ⊕ˆ W . If W is of imaginary type, then,
by Lemma 3.1(i), W ⊕ˆ W is decomposable. Thus we may assume that W is of real type. If q is even,
then by Lemma 3.1(ii), W ⊕ˆ W is an indecomposable symmetric module, that is the case (D2). At
last, assume that q is odd; by Lemma 3.1(iii), if W is of odd symmetric real type then we have
U ≡ W ⊕ˆ W ≡ (W , f ) ⊥⊕ (W ,− f )
for any (symmetric) metric f on W , which contradicts the assumption that U is indecomposable as
a symmetric module. This proves that W must be of odd symplectic real type. Conversely, if W is of
odd symplectic real type, then W has no symmetric metric, which forces the dual direct sum W ⊕ˆ W
to be indecomposable as symmetric modules. So, U is an indecomposable symmetric module if and
only if W is of odd symplectic real type; it is the case (D3). 
Now we can classify the indecomposable orthogonal decompositions. First we reduce them to the
homogeneous case. Recall that an FG-module U is said to be a homogeneous module associated with
a simple FG-module W if U ∼= Wn where Wn denotes the direct sum of W with multiplicity n. And
any semisimple FG-module V has the so-called homogeneous decomposition V = ⊕
i
V i , where Vi is the
maximal homogeneous submodule, called the homogeneous component, associated with the simple
FG-module Wi and we have Wi W j for i = j.
Proposition 3.1. Let V be a symmetric semisimple FG-module, and let V = ⊕
i
V i be the homogeneous decom-
position as above.
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such that V i ⊕ˆ Vi′ ≡ (Wi ⊕ˆ Wi′ )⊥k, where (Wi ⊕ˆ Wi′ )⊥k denotes the orthogonal direct sum of the
indecomposable symmetric module Wi ⊕ˆ Wi′ with multiplicity k.
(ii) If Wi is self-dual, then V i is a symmetric submodule.
Proof. Obvious. 
Theorem 3.2. Let V ∼= Wn be a symmetric homogeneous FG-module where W is a self-dual simple
FG-module.
(i) If W is of imaginary type, then V ≡ W⊥n where W is the indecomposable symmetric module (S1) in
Remark 3.1.
(ii) If W is of even real type, then
(ii.1) either V ≡ (W ⊕ˆ W )⊥(n/2) if every simple submodule of V is isotropic;
(ii.2) or V ≡ W⊥n, where W is the indecomposable symmetric module (S2) in Remark 3.1.
(iii) If W is of odd symplectic real type, then the composition length n is even and we have V ≡ (W ⊕ˆ
W )⊥(n/2) .
(iv) If W is of odd symmetric real type, then either V ≡ (W , f )⊥n or V ≡ (W , f )⊥(n−1) ⊥⊕ (W , f ′) where f
and f ′ are symmetric metrics such that f ≡ f ′ .
Proof. (i) By Theorem 3.1, all the indecomposable symmetric submodules of V are isometric to W .
(ii) By Theorem 3.1, it is enough to show that V ≡ W⊥n provided V has a symmetric simple
submodule. To do this, it is enough to show that
(W ⊕ˆ W ) ⊥⊕ W ≡ W ⊥⊕ W ⊥⊕ W .
In W
⊥⊕ W ⊥⊕ W we take two simple submodules
Y1 =
{
(w,w,0)
∣∣ w ∈ W } and Y2 = {(0,w ′,w ′) ∣∣ w ′ ∈ W };
it is easy to verify that Y1 and Y2 are isotropic, that we have Y1 ∩ Y2 = 0, and that Y1 ⊕ Y2 is
non-degenerate; so we get Y1 ⊕ Y2 ≡ W ⊕ˆ W , which proves the above required isometry formula.
(iii) By Theorem 3.1, W ⊕ˆ W is the unique indecomposable symmetric submodule of V up to
isometry.
(iv) It is covered by Lemma 3.2 below. In fact, the lemma contains more precise information which
is handy for permutation codes, see Lemma 4.1 and Remark 5.1 below. 
Lemma 3.2. Let W be a self-dual simple FG-module of odd symmetric real type, let f be a metric on W , set
E := EndFG(W ) and choose γ ∈ E − E2 . If V ∼= Wn is a symmetric FG-module, then we have
V ≡ (W , β1 f ) ⊥⊕ · · · ⊥⊕ (W , βn f ), with β1, . . . , βn ∈ E×.
Moreover, we have V ≡ (W , β ′1 f )
⊥⊕ · · · ⊥⊕ (W , β ′n f ) for some elements β ′1, . . . , β ′n ∈ E× if and only if the
products β = β1 · · ·βn and β ′ = β ′1 · · ·β ′n are congruent modulo (E×)2 . In particular, we have
V ≡
{
(W , f )
⊥⊕ · · · ⊥⊕ (W , f ) ⊥⊕ (W , f ), if β ∈ (E×)2;
(W , f )
⊥⊕ · · · ⊥⊕ (W , f ) ⊥⊕ (W , γ f ), if β /∈ (E×)2.
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β ∈ E×; without loss of generality, we can assume that
V = (W , β1 f ) ⊥⊕ · · · ⊥⊕ (W , βn f ), with β1, . . . , βn ∈ E×.
Write V = W1 ⊥⊕ · · · ⊥⊕ Wn , where each W j = W is equipped with metric β j f . Any automorphism α
of the FG-module V corresponds to exactly one non-degenerate matrix A = (αi j)n×n over E such that
αw j = (α1 j w j, . . . ,αnjw j), ∀w j ∈ W j .
More precisely, for any direct sum V = W ′1 ⊕ · · · ⊕ W ′n with each W ′j being simple there is an
FG-automorphism α such that α(W j) = W ′j for j = 1, . . . ,n; i.e. there is a non-degenerate matrix
A = (αi j)n×n over E such that
W ′j = α(W j) =
{
(α1 j w j, . . . ,αnjw j)
∣∣ w j ∈ W j}.
By β1 f ⊕ · · · ⊕ βn f we denote the metric of the symmetric module V . For any (α1 j w j, . . . ,αnjw j) ∈
W ′j and (α1 j′ w j′ , . . . ,αnj′ w j′ ) ∈ W ′j′ we have
(β1 f ⊕ · · · ⊕ βn f )
(
(α1 j w j, . . . ,αnjw j), (α1 j′w j′ , . . . ,αnj′w j′)
)
= (β1 f )(α1 j w j,α1 j′w j′) + · · · + (βn f )(αnjw j, αnj′w j′)
= ((α1 jβ1α1 j′ + · · · + αnjβnαnj′) f )(w j,w j′).
Note that α1 jβ1α1 j′ + · · · + αnjβnαnj′ is just the ( j, j′) element of the matrix AT B A, where B =
diag(β1, . . . , βn) is the diagonal matrix with diagonal elements β1, . . . , βn and AT denotes the trans-
pose of the matrix A. So, V = W ′1 ⊕ · · · ⊕ W ′n is an orthogonal direct sum if and only if AT B A =
diag(β ′1, . . . , β ′n) is a diagonal matrix. Then all the conclusions are derived from the following re-
mark. 
Remark 3.2. Recall an inertial theorem over a ﬁnite ﬁeld E of odd characteristic. Let B be any non-
degenerate symmetric matrix over E . By a typical linear algebraic technique (see [8, Thm. 6.5], for
example), there is a non-degenerate matrix A over E such that AT B A = diag(δ1, . . . , δn) is a diagonal
matrix. Since the quotient group E×/(E×)2 = {1, γ }, where γ ∈ E − E2, is a cyclic group of order 2,
we can take the matrix A such that AT B A is a diagonal matrix with each δi = 1 or δi = γ . Further, in
the ﬁnite ﬁeld E there are α,α′ such that γ −1 = α2 + α′2 so that
(
α −α′
α′ α
)(
γ
γ
)(
α α′
−α′ α
)
=
(
1
1
)
.
In conclusion, there is a non-degenerate matrix A such that
AT B A =
{
diag(1, . . . ,1,1), if det B ∈ (E×)2;
diag(1, . . . ,1, γ ), if det B /∈ (E×)2.
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Recall that any semisimple FG-module V can be uniquely decomposed into the direct sum V =
⊕
i
V i of its homogeneous components Vi associated with simple modules Wi such that Wi W j for
i = j.
Theorem 4.1. A symmetric semisimple FG-module V is hyperbolic if and only if for any i such that Wi is
self-dual the composition length ni of V i is even and, moreover, if Wi has odd symmetric real type and V i
is isometric to (Wi, f i)⊥(ni−ti)
⊥⊕ (Wi, γi f i)⊥ti with γi ∈ Ei − E2i where Ei = EndFG(Wi), then (−1)ni/2γ tii
belongs to (E×)2 or, equivalently, ti ≡ ni(|Ei |−1)4 (mod 2).
Proof. It is easy to see that the orthogonal direct sum of hyperbolic symmetric FG-modules is still
hyperbolic. And obviously, any dual direct sum is hyperbolic. By Proposition 3.1, we can assume that
V =
(⊥⊕
i
V i
) ⊥⊕ (⊥⊕
j
(V j ⊕ˆ V j′)
)
where the Vi ’s are the self-dual homogeneous components, while (V j, V j′)’s are the dual pairs of
non-self-dual homogeneous components. It follows that V is hyperbolic if and only if every self-dual
homogeneous component Vi is hyperbolic. It is known that Vi is hyperbolic only if the composition
length ni of Vi is even; thus, if the self-dual simple module Wi associated with Vi is not of odd
symmetric real type, then, by Lemma 3.1 and Theorem 3.2, V i is hyperbolic provided its composition
length ni is even.
For the ﬁnal case that the self-dual simple module Wi associated with Vi is of odd symmetric real
type, the following lemma completes the proof. 
Lemma 4.1. Let W be a self-dual simple FG-module of odd symmetric real type and f be a metric on W , and
let β1, . . . , βn ∈ E× where E = EndFG(W ) and n is an even integer. Then the following three statements are
equivalent to each other:
(i) (W , β1 f )
⊥⊕ · · · ⊥⊕ (W , βn f ) is hyperbolic.
(ii) (−1)n/2β1 · · ·βn belongs to (E×)2 .
(iii) n(|E|−1)4 is congruent modulo 2 to the number of the βi ’s which are outside of E
2 .
Proof. We prove (i) ⇔ (ii) by induction on n. If n = 2, it follows from Lemma 3.1(iii). Assume that
n 4. Let V = (W , β1 f ) ⊥⊕ · · · ⊥⊕ (W , βn f ) and let 〈−,−〉 denote the metric on V .
Suppose that (i) holds and that U is a self-orthogonal FG-submodule of V . Take a simple
FG-submodule W ′ of U . Then there is a simple submodule W ′′ of V such that W ′′ ∩ U = 0 and
that the map W ′′ → HomF (W ′, F ), w ′′ → 〈w ′′,−〉, is an isomorphism; so the direct sum W ′ ⊕ W ′′ is
non-degenerate and therefore we have W ′ ⊕ W ′′ ≡ W ⊕ˆ W ; but, on the other hand, by the unique-
ness of the orthogonal indecomposable decomposition, we may assume that W ′ ⊕ W ′′ ≡ (W , β1 f ) ⊥⊕
(W , β2 f ); hence, by Lemma 3.1(iii), the product −β1β2 belongs to (E×)2. Moreover, we have
V = (W ′ ⊕ W ′′) ⊥⊕ (W ′ ⊕ W ′′)⊥ ;
and (W ′ ⊕ W ′′)⊥ is a symmetric module; hence, we get
(
W ′ ⊕ W ′′)⊥ ≡ (W , β3 f ) ⊥⊕ · · · ⊥⊕ (W , βn f ).
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U = W ′ ⊥⊕ (U ∩ (W ′ ⊕ W ′′)⊥),
which implies that U ∩ (W ′ ⊕ W ′′)⊥ is a self-orthogonal submodule of the symmetric module (W ′ ⊕
W ′′)⊥ . By induction, (−1)(n−2)/2β3 · · ·βn ∈ (E×)2. Thus
(−1)n/2β1β2β3 · · ·βn = (−β1β2) ·
(
(−1)(n−2)/2β3 · · ·βn
) ∈ (E×)2.
Conversely, assume that (ii) holds. It is clear that there are β ′1, β ′2, β ′3 ∈ E× such that −β ′1β ′2 ∈ (E×)2
and that β ′1β ′2β ′3 ≡ β1β2β3 (mod (E×)2). Replacing β1, β2, β3 by β ′1, β ′2, β ′3, by Lemma 3.2 we can
assume that we have
V = (W , β1 f ) ⊥⊕ (W , β2 f ) ⊥⊕ (W , β3 f ) ⊥⊕ · · · ⊥⊕ (W , βn f )
where
(−1)n/2β1β2β3 · · ·βn ∈
(
E×
)2
and − β1β2 ∈
(
E×
)2;
and hence we still have (−1)(n−2)/2β3 · · ·βn ∈ (E×)2. Then, by Lemma 3.1(iii) we have that (W , β1 f ) ⊥⊕
(W , β2 f ) ≡ W ⊕ˆ W is a hyperbolic symmetric module; on the other hand, by induction we have that
(W , β3 f )
⊥⊕ · · · ⊥⊕ (W , βn f ) is a hyperbolic symmetric module. Thus V is hyperbolic and (i) holds.
At last we prove that (ii) ⇔ (iii). By Lemma 3.2, we can choose a γ ∈ E − E2 such that, for a
suitable t , we have V ≡ (W , f )⊥(n−t) ⊥⊕ (W , γ f )⊥t . Since E× is a cyclic group of order |E| − 1, we
see that −1 belongs to (E×)2 if and only if |E|−12 is even. So, (−1)n/2 belongs to (E×)2 if and only
if |E|−12 · n2 is even. On the other hand, γ t belongs to (E×)2 if and only if t is even. Thus (−1)n/2γ t
belongs to (E×)2 if and only if t is congruent to |E|−12 · n2 modulo 2. 
5. Self-dual permutation codes
In this section, we apply the results obtained above to permutation codes.
Let X be a ﬁnite G-set, i.e. G acts on X by permutation. Then FX = {∑x∈X axx | ax ∈ F } is the
FG-permutation module of X over F (we remark that the permutation module FX need not be
semisimple in general). And FX is equipped with a natural bilinear metric:〈∑
x∈X
axx,
∑
x∈X
a′xx
〉
=
∑
x∈X
axa
′
x, ∀
∑
x∈X
axx,
∑
x∈X
a′xx ∈ FX;
which is obviously a G-invariant symmetric non-degenerate bilinear form, called the standard inner
product on FX. In the coding theory the following notations are adopted:
• any submodule of FX is called a permutation code of the G-set X over F , or a permutation code
of FX in short;
• any isotropic submodule of FX is called a self-orthogonal permutation code of FX;
• any self-orthogonal submodule of FX is called a self-dual permutation code of FX.
Theorem 4.1 reveals that, for testing the existence of self-dual permutation codes, it is a trouble
to treat the self-dual composition factors of odd symmetric real type. In the odd characteristic case,
the 1-dimensional trivial module is certainly a self-dual simple module of this type, and appears
certainly in any permutation module. Fortunately, for the trivial module there is an easy way to test
the condition (ii) of Lemma 4.1, which we explain in the following remark.
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group E× modulo the subgroup (E×)2. Now we assume that q = |F | is odd and consider the sim-
ple FG-module F which has a metric f (a,b) = ab for all a,b ∈ F . And assume that V is a symmetric
FG-module with metric 〈−,−〉. For any symmetric trivial submodule W ∼= F of V there are a β ∈ F×
and an isomorphism α : W → F such that 〈w,w ′〉 = β · f (α(w),α(w ′)), ∀w,w ′ ∈ W ; in particular, if
w = 0 then 〈w,w〉 = β · f (α(w),α(w)) = β · α(w)2; so we have
β ≡ 〈w,w〉 (mod (F×)2), for any non-zero w ∈ W .
Thus we get the following conclusion:
• if V = (W1 ⊥⊕ · · · ⊥⊕ Wt) ⊥⊕ V ′ with each Wi isomorphic to F and V ′ having no trivial composition factor,
then V is hyperbolic if and only if V ′ is hyperbolic, t is even and, taking 0 = wi ∈ Wi, i = 1, . . . , t, we
have that
(−1)t/2〈w1,w1〉 · · · 〈wt,wt〉 ≡ 1
(
mod
(
F×
)2)
.
The next remark shows why it is easy for ﬁnite groups of odd order to treat the self-dual permu-
tation codes.
Remark 5.2. Let G be a ﬁnite group of odd order. It is well known that any non-trivial absolutely
simple FG-module is not self-dual, see [6, Ch. VII.8.22] or [9, Lemma 2.8], for example. And, by the
conclusion (2.2) in Section 2, this result is equivalent to that
• any non-trivial self-dual simple module of any ﬁnite group of odd order over any ﬁnite ﬁeld is of imaginary
type.
Now it is easy to derive the following theorem, which covers both the even and odd characteristic
cases (since every element of F is a square element if the characteristic of F is even).
Theorem 5.1. Let G be a ﬁnite group of odd order coprime to the order q of the ﬁnite ﬁeld F , let X = X1 ∪
· · · ∪ Xt be a ﬁnite G-set where X1, . . . , Xt are the G-orbits of X . Then there is a self-dual permutation code
of the G-set X over F if and only if the multiplicity of every self-dual composition factor of FX is even and
(−1)t/2|X1| · · · |Xt | is a square element of F .
Proof. By the assumption of the theorem, FX = (⊥⊕)ti=1FXi which is an orthogonal direct sum. For
any i, we have FXi = Fei ⊥⊕ Vi , where Fei with ei =∑xi∈Xi xi is a trivial module and Vi has no trivial
composition factor. Thus we get
FX = (Fe1 ⊥⊕ · · · ⊥⊕ Fet) ⊥⊕ (V1 ⊥⊕ · · · ⊥⊕ Vt),
and by Remark 5.2, any self-dual composition factor of Vi is of imaginary type. Hence, by Theo-
rem 4.1, V1
⊥⊕ · · · ⊥⊕ Vt is hyperbolic if and only if any self-dual composition factor of it has even
multiplicity. Since 〈ei, ei〉 = |Xi|, by Remark 5.1, Fe1 ⊥⊕ · · · ⊥⊕ Fet is hyperbolic if and only if t is even
and (−1)t/2|X1| · · · |Xt | is a square element of (F×)2. 
Theorem 5.1 covers a special case of [4, Theorem 2.1], i.e. the even characteristic and semisimple
case.
Corollary 5.1. Let notation be as in Theorem 5.1, and ξ be a primitive |G|-th root of unity. If |F (ξ) : F | is odd,
t is even and (−1)t/2|X1| · · · |Xt | is a square in F , then there is a self-dual permutation code of the G-set X
over F .
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degree over F ; so the Galois group Gal(E/F ) has no involution; by Remark 5.2 and the deﬁnition of
imaginary type in Remark 2.1, W is not a self-dual module. The conclusion is derived from Theo-
rem 5.1. 
The suﬃciency part of [11, Theorem 3.9] is a special case of the corollary. On the other hand, as
we have shown in [3], the inverse of the corollary is not true.
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